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By a spherical gravitating condenser we mean two concentric charged shells made of perfect fluids 
restricted by the condition that the electric field is nonvanishing only between the shells. Flat space 
is assumed inside the inner shell. By using Israel's formalism we first analyze the general system 
of N shells and then concentrate on the two-shell condensers. Energy conditions are taken into 
account; physically interesting cases are summarized in two tables, but also more exotic situations 
in which, for example, the inner shell may occur below the inner horizon of the corresponding 
Reissner-Nordstrom geometry or the spacetime is curved only inside the condenser are considered. 
Classical limits are mentioned. 
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I. INTRODUCTION 

Modeling physical systems by 2-dimensional thin shells 
sweeping out 3-dimensional timelike hypersurfaces in 
spacetime found numerous applications in general rel- 
ativity and cosmology, in particular after the work of 
Israel [l[ and his collaborators (see [|| for a more re- 
cent account). The material properties are character- 
ized in terms of geometrical quantities like the jumps of 
the external curvature of the hypersurfaces. In contrast 
to pointlike or 1-dimensional sources this idealization is 
mathematically well denned Q. 

In the following we shall be interested in shells made 
of a (2-dimensional) perfect fluid with a surface charge 
density. Israel's method was generalized to thin charged 
shells without pressure by de la Cruz and Israel Q. 
A comprehensive treatment of charged shells with pres- 
sure satisfying the polytropic equation of state was given 
by Kuchaf [5]; Chase @ placed no restriction on the 
equation of state and a spherically symmetric Reissner- 
Nordstrom field inside the shell was admitted. 

Until now a number of papers employed charged thin 
shells to tackle various problems, mostly under the as- 
sumption of spherical symmetry. For illustration: Boul- 
ware Q studied the time evolution of such shells and 
showed that their collapse can form a naked singularity 
if and only if the matter density is negative, in Ref. [8[ 
the third law of black hole mechanics was investigated 
by a charged shell collapsing in a Reissner-Nordstrom 
field. Going over to most recent contributions (where 
many references to older literature can be found) , the 
shells are often renamed "membranes" or "bubbles;" the 
equations of state become more exotic but the formalism 
remains. In Ref. || the stabilizing effects of an electric 
field inside a neutral shell made of dust or from a "string 
gas" (equation of state p = — her) were studied using Is- 
rael's formalism, whereas in Ref. the authors analyze 
charged spherical membranes by the direct integration 
of the Einstein field equations with (^-function sources 
(and show coincidences with the results of [l[ and [f|). 



In particular, it is demonstrated in [10j that acceptable 
parameters can be chosen such that stable charged mem- 
branes producing the over-extreme Reissner-Nordstrom 
geometry with "repulsive gravity" effects exist. Gravity 
becomes repulsive also with uncharged "tension shells" if 
the tension is sufficiently high 

From our perspective we wish to mention yet the work 
of King and Pfister 12[ in which electromagnetic drag- 
ging ("Thirring") effects are investigated by considering 
systems of two concentric spherical shells. Before (small) 
angular velocities are applied to the shells, the authors 
study the static two-shell model as we do in the present 
paper. However, in [l2[ for the purpose of dragging ef- 
fects it was sufficient to assume a special system: the in- 
terior shell carries charge and tension but no rest mass, 
the exterior shell carries mass but no charge. No treat- 
ment of spherical condensers in the context of general 
relativity appears to have been given so far. 

What, in fact, do we mean by such condensers? We 
consider two concentric spherical charged shells made 
from 2-dimensional perfect fluids with either pressure or 
tension, with arbitrary mass and charge densities. All pa- 
rameters entering the problem are restricted by just one 
condition: the radial field may exist only in the region 
between the shells; of course, we take flat space inside 
the inner shell. We also regard energy conditions and 
allow the inner shell to occur below the inner horizon of 
the Reissner-Nordstrom geometry. The existence of the 
electric field between the shells is the basic feature of our 
definition of a condenser in general relativity. We shall 
see how our results corroborate various expressions for a 
quasilocal mass in Reissner-Nordstrom spacetime. For a 
specific example of a plane gravitational condenser with 
a positive cosmological constant, see (HI. 

The gravitating condensers are primarily of theoretical 
interest. Since, however, their total charge vanishes, they 
may be closer to astrophysical models than objects carry- 
ing a net charge. Indeed, some numerical calculations [14j | 
indicate that the gravitational collapse to neutron stars 
can lead to a charge separation but the whole system of 
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FIG. 1. A sketch of the sequence of shells: Ma, Qa are the 
masses and charges in the respective spaces and Ra the radii 
of the shells. The metric function /a will only play a role in 
Sec. HIl 

star and envelope is neutral. A charge separation can 
also arise in plasma accreting into a black hole [HI (see 
also [HI). Recently, detailed numerical investigations of 
the collapse of a stellar core with a net charge were per- 
formed [It], with understanding, however, that the 
total charge of the star may be zero. 

Throughout the text geometrical units with G — c = 1 
are used. 



from the jumps of the normal derivatives of the potentials 
across the shells E^. This yields (A = 1, . . . , N here and 
in the remainder of this section) 

M A - Ma-! Q a - Qa-i 

° A = AnR A ' r > A= AnR A ■ W 

In order to obtain a stationary system the sum of all 
forces acting on a small element of each T,a should vanish. 
The forces acting on a surface element dSU = R A dil — 
R\ sin 2 9d8d(p have only radial components because of 
the symmetry. The gravitational forces are given by 

d-F(A)G = ^j?/" 1 dfl. These are always pointing 

inward for positive surface mass densities a a- The eleC- 
^S _Q 2 ) 

trostatic contributions are dF(A)E — — ^.r^ -1 d£L The 
pressure forces dF(A)p on d5a are given by 2p A R A dCl; 
these point always outwards for positive pressures pa and 
inwards for negative pressures (tension). 

The equilibrium is achieved if the total force on each 
dSA vanishes: 

l&vR A p A =M 2 A -M 2 A _ 1 -Q 2 A + Q 2 A _ 1 . (3) 

Equations ((2| and ((3]) give a complete solution with 3A r + 
2 free parameters; e.g., M A , Q A can be chosen for A — 
0, . . . ,N and R A for A = 1, . . . , N. 

III. THE EINSTEIN-MAXWELL SYSTEM 



II. THE CLASSICAL SYSTEM 

In order to introduce the notation and gain an intu- 
ition we now first analyze briefly a spherically symmet- 
ric condenser in Newton's gravity and Maxwell's electro- 
magnetism in flat space. Let us consider charged perfect 
fluid spherical thin shells H A (A = 1,2,..., N) at radii 
Ra {Ra < Ra+i) endowed with surface mass densities 
a a, surface charge densities T)a and (2-dimensional) ho- 
mogeneous surface pressures p A . Ma (A = 0, ...,N) 
denotes the total mass enclosed by a sphere with a ra- 
dius r 6 (Ra, Ra+i) with Rq — and Rn+i — oo. The 
charges Qa are defined analogously, see Fig. [TJ After the 
solution for a general system with an arbitrary number 
of shells is obtained we discuss the case of a condenser 
(N = 2, M = Qq = Q2 = 0, Qi = Q) in full detail. 
The gravitational potentials U A and the electrostatic po- 
tentials $a (A — 0, ... , N) in spherical coordinates read 



U A (r)=-— + C A , 
r 



Qa 



(1) 



D A for r € [R a ,Ra+i)- 



The constants C 'a and Da are determined by the choice 
Dn = Cn = so that both Un and $Ar vanish in infinity 
and by the requirement of continuity of the potentials 
across the shells. The surface densities can be determined 



Now we turn to spherical condensers in the Einstein- 
Maxwell theory. First we consider a more general system 
of N shells Yia as in the Newtonian case, then we analyze 
thoroughly just the condensers (N = 2, Mq = Qo = Q2 = 
0, Qi = Q). By Yia we now understand 3-dimensional 
timelike hypersurfaces representing the histories of the 
individual shells in the spacetime. 

Since the system is spherically symmetric and be- 
tween the thin spherical shells there is electrovacuum, the 
spacetime must consist of N+l pieces, Va, A — 0, . . . , N , 
of Reissner- Nordstrom spacetimes with the following line 
elements: 



ds\ 



f A (r A ) =1 



where coordinates 



f A (r A )dt A + — !— 
JA{rA) 

r 2 A {d9 2 + sm 2 6d<p 2 ), 
2M A 



dr\ 



(4) 



r A 



„2 



'(A) 



have ranges tA £ (— 00,00), 
ta 6 [Ra-,Ra+), 6 G [0,7r], <p e [0, 27r) and the con- 
stants Ma and Qa denote the mass and the charge pa- 
rameters; we take R\— = and Rn+ — 00. In general 
the coordinates t A jump across the shells (related to the 
jumps of the red shift factors due to the massive shells), 
but and J2m+i)- mu st coincide since they have an 
invariant geometrical meaning giving the proper areas of 
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the shells; so we set Ra+ = R(a+i)- = Ra+i and drop 
the index A for the radial coordinate r. The angles 9 and 
if change smoothly due to the symmetry. 

In order to obtain timelike hypersurfaces Ha, it is as- 
sumed that Ja{Ra+i) > and Ja+i{Ra+i) > 0, i.e., the 
shells are either situated in the exterior of the outer event 
horizon of the respective piece of the Reissner- Nordstrom 
spacetime or inside the inner event horizon. 

On the hypersurfaces Ha "inner" coordinates = 
(T A ,9,(p) are chosen, ta is the proper time of an ob- 
server with fixed (Ra,9,<p); dr^ = [/a(Ra)] 5 &a = 
<Ha+i- The metric in Va is denoted by 
9(A)iiv Indices of tensor quantities on Ha are labeled 
by a, b, . . .. The metrics h(A) a b induced by g(A~i)^ and 
9{A)jiv ° n ^A from both sides read 

h^abd^A^U) = - dT A + R A^° 2 + Sin2 Odif 2 ). (5) 

The electric field is given by 
Qa. 



F, 



(A) 



-(6?6Z - TO for r e [R A , R A +i). (6) 



The hypersurfaces Ha are endowed with surface mass 
densities a a, surface pressure densities pa and surface 
charge currents s? A y The tangential electrical net cur- 
rent on H A reads (see @) 



4tts 



(A), 



f tp dX (A) 

- I (A) afi (A) 



Ft 
Qa-i 



dx (A-l) 



<A-1) 



(7) 



=Ra 



51, 



R 2 
tt A 

where n^ A _^ (n" A ^) denotes the outwards pointing nor- 
mal of Ha as seen from Va-i (Va)- There can be more 
currents representing counter-rotating charges whose net 
contribution to the motion cancels out so that the spher- 
ical symmetry is preserved. 

The extrinsic curvature of Ha defined respectively by 
c (A-i)' 9(A-i)^ and x^ A) , g {A )^u is denoted by K (A -i) c d 



and K( A )cd, hs jump K {A)cd - K {A -i)cd across H A by 
[K{A)cd], analogously for its trace Ka = K(A)cdh" A y The 
surface stress-energy tensor t^A) a b ° n ^A is now deter- 
mined by 0, i i 



(A)cd 



Stt 



{A)cd\ 



l(A)cd 



(8) 



In our case of spherical shells the jumps are given by 
JL'a(Ra) 



\K, 



(A)cd\ 



L A (RA)di&g 



^La(Ra)' 



-Ra, —Ra sin 



[K A ] = -L'a(Ra) - —La(Ra), 
L A {r) = fl(r) - /|_i(r); 



(9) 



here a prime denotes a derivative with respect to r. In 
the case of a perfect fluid at rest its 4- velocity is simply 



(A) 



— 5% and the stress-energy tensor reads 

t(A)cd = (&A + PA)U(A)cU(A)d +PAh(A)cd- 



(10) 



The surface mass density and the surface pressure density 
can be read off Eqs. (jgjl- tfTOl) : 



&A 



PA-i^ A (R A )~ a f. (11) 



We shall use extensively the last two relations. To 
get a physical insight, consider just one charged shell of 
radius R with the Minkowski space inside and Reissner- 
Nordstrom field with parameters M, Q outside. Equa- 
tion (fTTj) then implies 



(12a) 
(12b) 




M 



16ttR 2 (R - M) 



where M = AnR 2 a is the rest mass of the shell. The total 
energy of the shell at rest with a fixed charge Q and a 
fixed pressure p is given by M and can be interpreted as 
function of R. The result (|12b[) coincides precisely with 
Eq. (51) in 5]; this follows from the "second" equilib- 
rium condition M'(R) = 0, the total energy is extremal 
in equilibrium. The expression for a (|12ap follows di- 
rectly from the "first" equilibrium condition, Eq. (50) in 
[j| (in which a typographical error must be corrected in 
the last term on the right-hand side), which represents 
conservation of the total energy of the shell at rest given 
by 



M(R) = M 



2R 2R 



(13) 



The first term is the rest energy of the shell, the second 
describes the electromagnetic interaction energy of the 
particles of the shell, the last can be interpreted as the 
gravitational interaction energy — see [f| for more details 
on the subtleties of such an interpretation. 



IV. CONDENSERS 

A. Classical condensers 

In the case of a condenser (N = 2, M = Q = Q 2 
0. Q x = Q) the Eqs. © and © simplify to 



m = 



Mi 

Q 
inRj' 



(Ma ~ Mi) 

CT 2 = 7—^} 1 ( 14a ) 



m = 



4ttR 2 ' 

Q 



47ri?!' 



(14b) 
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WirRfpi = M 2 - Q 2 , 
\^R% V 2 = (Mf - Ml) + Q 2 . 

In this case the inner shell is not influenced by the field 
of the outer shell and must be in equilibrium in its own 
gravitational and electrical field. This can be achieved 
even with vanishing pressure if Ml = Q 2 . However, the 
outer shell is always attracted by gravity and Coulomb 
force due to the inner shell. Therefore, the outer shell 
cannot consist of dust and P2 must be positive to prevent 
the collapse. Let us also remark that the limit to an 
electrostatic dipole shell (Ri — > R 2 , Q — > oo) implies 
that either the surface pressure density or the surface 
mass density is also unbound. In this case the net force 
acting on a volume element containing both shells Y>a has 
to be carefully treated to obtain physically meaningful 
results. 



B. Einstein-Maxwell condensers 

Let us now restrict to the case of a relativistic con- 
denser. Primarily we wish to investigate whether the 
shells can be made of dust and whether the inner shell can 
be hidden below the horizon. Since the spacetime outside 
of the exterior shell is part of a Schwarzschild spacetime 
the radius of the outer shell must satisfy i?2 > 2M 2 , so no 
horizon can exist there. In the following we will measure 
all quantities in units of M± and denote them by small 
Latin letters or by a hat in the case of the pressure and 
the mass density, e.g., Ra = M\Ta and a a = f^-- In the 
case of positive Mi this notation does not bear the risk 
of any confusion; however, if Mi < and Q 2 > 0, then 
a i < 0. We assume Mi > in the remainder. The sta- 
bility of such shells was discussed in The stability 
considerations apply for each shell entirely analogously 
in our case and so we do not repeat them here. 

We obtain the densities and pressures from Eq. (fTTj) : 




1 ( -- 
P2 =-^^[^2 - m 2 ) (r 2 - 2m 2 r 2 ) 2 

-(r 2 -l)(r 2 2 -2r 2+(7 2 p). 

In the case of an under-extreme Reissner-Nordstrom 
spacetime, q 2 < 1, the additional conditions r± < r_ = 



1 — y/l — q 2 or ri > r+ = 1 + \J\ — q 2 must be consid- 
ered; the same must hold for r 2 because the shells can 
be at rest only in the regions where the Killing vector 
is timelike. Furthermore, r2 > 2m 2 must always be 
satisfied. 



1. The inner shell 

The energy conditions (dominant, weak, null, strong) 
and their implications are investigated below. Even 
though the calculations are in principle basic, they are 
tedious, so they are not shown here. Instead, the results 
are summarized in Table U] in full detail. Looking solely 
at the inner shell yields the generic case of one charged, 
spherical thin shell and thus it is of interest of its own. 

The null and the weak energy conditions are equivalent 
in this setting as shown in Table HI Therefore, we refer to 
the null energy condition only. From Table U it becomes 
clear that positive mass shells exist for all radii (though 
for a given charge of the shell there exists a minimal 

radius of £■). In particular, r% < 1, q 2 < 1 can always 
be chosen; the shell then lies below the inner horizon. 
If, additionally, the second shell is chosen to be situated 
outside the outer horizon, which can always be achieved, 
the two shells of the condenser will be separated by two 
horizons. A massless shell is obtained for q 2 — 2ri\ this 
lies always below the inner horizon if there is one. 

If the energy conditions are to be satisfied, then the ra- 
dius n has to have a lower bound of |. However, as long 
as ri < 1 we have q 2 > 1. Thus, the spacetime between 
the two shells is a piece of an over-extreme Reissner- 
Nordstrom spacetime and no horizons are present. If 
r\ > 1, then q 2 < 1 is possible, but no horizon is present 
here either, since the inner shell lies outside of the outer 
horizon. Therefore, horizons can only be present if some 
energy condition is violated. In particular the tension 
(negative pressure) has to be high if the inner shell is 
situated below the inner horizon. This resembles the 
problem considered by Novikov: the matter of a static 
charged sphere below the inner horizon of the Reissner- 
Nordstrom geometry must have a high tension [19j . If 
additionally the charge q is chosen arbitrarily close to 
zero, a lower bound for n of 2 for the null and stromg 
energy condition and of || for the dominant energy con- 
dition is implied. 

The pressure pi is always non-negative if the space- 
time between the shells is a piece of an under-extreme 
Reissner-Nordstrom spacetime and the inner shell is sit- 
uated outside the outer horizon. In all other cases it 
is negative. Hence, a shell producing an over-extreme 
Reissner-Nordstrom spacetime or a shell situated below 
the inner horizon can only be supported by tension. In 
the first case contrary to the second all energy conditions 
can be satisfied. 

If the inner shell is made of dust then - similarly to the 
Newtonian case - the spacetime between the two shells 
corresponds to a piece of an extremely charged Reissner- 
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Energy condition 




Range of r\ 


Range of q 2 


Positive mass density 


&i > 


r^ e (0 21 

/ 1 t= OO J 


a 2 £ (2n — r? 2nl 

n 2 (= ffl 9n 1 


Null 


ch. + pi > 


ne[f,i) 

ri € [1,2] 
n € (2, oo) 


g 2 Gfe 2 _,g 2 2 +n 

g 2 G (2n -r 2 ,g 2 2 + ] 
g 2 G [0,g 2 2 +] 


Weak 


ai > 0, 5-1 + pi > 




the same as null 


Dominant 




ri6[|,l) 
n = 1 

n g (f|,oo] 


g 2 g [g§->9a+] 

g 2 G(i,|] 

g 2 G (20 - 3n 

q 2 G [0,g 2 2 +] 


Strong 


cti + 2pi > 0, ffi + pi > 


n g (1,2] 
n e (2, oo) 


g 2 G (2n - r 2 ,n] 
q 2 G [0,n] 



3V8ri+r 2 ) , g 2 2 +] 



92 ± 



f 12 - 3n ± ^9r 2 - 8rH 



TABLE I. Energy conditions for the inner shell. The table is to be read as follows: For example, the first two lines mean that 
the mass density 01 is positive if either < Ri < 2Mi and 2Miiii - R 2 < Q 2 < 2M 1 R 1 or if R x > 2Mi and < Q 2 < 2MiRi. 



Nordstrom spacetime, i.e., \q\ — 1 and the shell must be 
situated outside the horizon, r\ > 1. The mass density 
evaluates in the extremely charged case to <j\ = > 0. 

Since p\ = 0, all energy conditions (null, dominant and 
strong) are satisfied by such a shell. 

2. The outer shell 

The situation for the exterior shell is more involved 
since more parameters have to be taken into account. 
Therefore, we treat in detail only the case when the inner 
shell is made of charged dust, i.e., pi = - this is suffi- 
cient to exhibit some generic features of the condensers. 
As one easily checks the pressure p2 is always positive if 
r*i > 1 in order to prevent the collapse. Thus, a positive 
mass density ensures the weak energy condition and vice 
versa; similarly, the null energy condition is equivalent to 
the strong energy condition. Consequences of all energy 
conditions are summarized in Table [TT1 It is seen that, a 
condenser can consist of an inner shell made of charged 
dust and an exterior shell (j2 > r% ) , both shells satisfying 
all the energy conditions. 

It is worth noting, that, in all discussed cases included 
in Table |TT] a mass parameter M2 can be chosen smaller 
than Mi for any radius r 2 . This is because the electro- 
magnetic field decreases the value of a (quasi) local mass 
energy at given r. Indeed, various results for quasilo- 
cal masses like those of Hawking, Penrose, Brown and 
York, and others (though not Komar) lead to the same 
result for the mass energy inside a sphere of radius r in 
Reissner-Nordstrom spacetime 

E(r) = M-Q-, (16) 
(see, e.g., (20l - [22l |). This corresponds to the fact that 



the charge weakens the strength of the gravitational field 
(recall, for example, that the surface gravity of an ex- 
treme Reissner-Nordstrom black hole vanishes). Let us 
also note that the formula ([16]) does not contradict the 
conservation law (fT5]) since there M(R) represents the 
total Schwarzschild mass outside the shell with radius R 
and flat spacetime inside, whereas (fTo| is the expression 
for the energy of the Reissner-Nordstrom field inside the 
radius r (cf. also f22j). 

If both shells are made of dust, one obtains m-i = 
and (72 = —4^7. That surely violates all energy condi- 
tions but is interesting in the sense that the curvature 
is localized just between the two shells and has no ef- 
fect on the outside world — similarly to the case of a 
sandwich plane gravitational wave. However, the exte- 
rior shell can easily be made of dust without admitting 
a negative mass density if a non vanishing field outside 
(Q2 ^ 0) is allowed. 

Next, we discuss some properties of the outer shell 
without any assumption about the inner shell. If the 
exterior shell is made of dust, though not necessarily the 
inner shell, then an equation for q 2 is implied. The pos- 
itivity of q 2 requires ni2 < 1. The case rri2 — 1 leads 
to q = and &2 = 0, which contradicts our definition of 
a condenser. However, for rri2 < 1 the mass density 02 
is negative and all energy conditions are violated. Thus, 
the exterior shell cannot be made of dust if any energy 
condition is to be satisfied. 

Finally we also allow a non vanishing pressure pV 
The mass density 02 is positive if either 7712 > 1 or 
m 2 < 1)<7 2 > 2^2(1 — 1^2). Even though the mass den- 
sity is positive the Schwarzschild mass outside can again 
be smaller than between the shells, if the charge is suf- 
ficiently large, cf. (ITBl . The Schwarzschild mass outside 
can, in fact, be negative but then the inner shell must 
have a 1 < 0. Furthermore, for U12 > all energy con- 
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Energy condition 
Positive mass density 
Null 



Range of 7-2 



Range of 7712 



Weak 

Dominant 

Strong 



<t 2 > 

<5"2 + P2 > 

<5~2 > 0, CT 2 + P2 > 
<7 2 > |p 2 | 

(T2 + 2p2 > 0, (T2 + P2 > 



r 2 6 (1, 00) 
r 2 G (1,2] 

T2 G (2, OO) ,,„ z v_ L ..«,j.-, 2 

the same as positive mass density 



m 2 G [m 2 ,i+, ^ 

IT>2 G [ffi2,l- — ^ 



r 2 G [ 



00) m 2 G [m 2 ,2-,m 2 ,2+ll 

the same as null 



m 2 ,i± = gf- 



m 2.2± = 2^T ( 



(-2 + 



2 + 2r 2 - 
2 + 6r 2 



-3r 2 2 ± 



-8r 2 



■ 9r| - 5r| + r*) 



4 - 24r 2 + 49r| - 39r| + 9r^) 
TABLE II. Energy conditions for the exterior shell and ranges of T2 and m,2- 



ditions can be satisfied for the outer shell with q 2 < 1 
(under-extreme case) even if its radius r-i < r_ (i.e., 
T2 is below r_ which would be the location of the in- 
ner horizon corresponding to the inner shell if the outer 
shell were not there). However, the inner shell violates 
then at least some energy conditions as discussed above. 
To avoid this we may consider just the under-extreme 
Reissner-Nordstrom field instead of the inner shell. Then 
the "outer" shell can satisfy all energy conditions. Inter- 
estingly, in this way we construct a spacetime which is 
Schwarzschild outside the outer (physical) shell inside of 
which then is just a naked singularity with M 2 > Q 2 . 
Nevertheless, such a configuration cannot be formed by 
a dynamical process from Cauchy data without a naked 
singularity. 



In the classical regime ri,r% 3> max[l, 7712] the stan- 
dard classical results (fH|) are retrieved. 
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